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Nonlinear elliptic partial differential equations are important to many large scale engineer-
ing and science problems. For this kind of equations, this article discusses a splitting
extrapolation which possesses a high order of accuracy, a high degree of parallelism, less
computational complexity and more flexibility than Richardson extrapolation. According
to the problems, some domain decompositions are constructed and some independent
mesh parameters are designed. Multi-parameter asymptotic expansions are proved for
the errors of approximations. Based on the expansions, splitting extrapolation formulas
are developed to compute approximations with high order of accuracy on a globally fine
grid. Because these formulas only require us to solve a set of smaller discrete subproblems
on different coarser grids in parallel instead of on the globally fine grid, a large scale mul-
tidimensional problem is turned into a set of smaller discrete subproblems. Additionally,
this method is efficient for solving interface problems.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

In this paper, we consider a finite element splitting extrapolation for solving the following modeling nonlinear elliptic
equations:
Lu ¼ �
Pd

i;j¼1
Diðaijðx;uÞDjuÞ ¼ f ðx;uÞ on X;

u ¼ gðxÞ on oX;

8><>: ð1:1Þ
where X � Rdðd ¼ 2;3Þ; aijðx;uÞ 2 L1ðXÞ; x ¼ ðx1; . . . ; xdÞ;Di ¼ o
oxi

. Without loss of generalization, we only consider the equa-
tions with Dirichlet boundary condition here. The splitting extrapolation can be used to handle the equations with other
boundary conditions similarly.
. All rights reserved.

MS-0713763 and the National Science Foundation of China (10671136, 10875034).

aoming@math.vt.edu (X. He), lutao@public.cd.sc.cn (T. Lü).

mailto:yongc@hitsz.edu.cn
mailto:xiaoming@math.vt.edu
mailto:lutao@public.cd.sc.cn
http://www.sciencedirect.com/science/journal/00219991
http://www.elsevier.com/locate/jcp


110 Y. Cao et al. / Journal of Computational Physics 228 (2009) 109–122
It is well known that efficiently and accurately solving this problem is critical in many applications of engineering and
sciences, such as heat and mass transfer phenomena and electrostatic field problems. For example, in inhomogeneous
and/or anisotropic media, the thermal conductivity (diffusion coefficient) can depend on the coordinates, the temperature
and the heat transfer direction. Recently, many efforts have been attempted to describe the thermal conductivity more
accurately, see [5,7] and reference there in. However, no matter how the thermal conductivity is described, for the phenom-
ena in steady state, an inhomogeneous and/or anisotropic medium always leads to our modeling nonlinear elliptic partial
differential equation.

The modeling problem can be solved by conventional numerical methods, including both finite difference (FD) methods and
finite element (FE) methods. However, for large scale problem, how to solve this modeling problem more accurately and effi-
ciently still remains challenging. Richardson extrapolation is an efficient acceleration method to improve the accuracy and the
rate of convergence. Therefore, a lot of work was contributed to this method, see [1,2,6,11,14,17,23,25,29] and reference therein.

Nevertheless, unbalanced loads is a shortcoming of Richardson extrapolation method on parallel algorithm. In addition,
Richardson extrapolation has high complexity order and some strict smoothness requirements for the analytic solutions.
Splitting extrapolation is developed by Lin and Lü [15] in 1983 to get rid of these limitations. First, we design some indepen-
dent mesh parameters, say, h1; . . . ;hk, and let uðh1; . . . ;hkÞ to denote the corresponding approximation. Once we prove a mul-
ti-parameter asymptotic expansion of the error for the independent parameters, we can follow the way in Section 4 to
construct a special linear combination of uðh1; . . . ;hkÞ, uðh1

2 ; . . . ;hkÞ; . . . ;uðh1; . . . ; hk
2 Þ, so that a new approximation with higher

order of accuracy is obtained.
This method is naturally parallel with high degree of parallelism, improves the accuracy with less computational com-

plexity than Richardson extrapolation and only requires piecewise smoothness for the analytic solutions. The design of
the independent parameters also gives us flexibility in choosing different kinds of meshes. In addition, it can save a lot of
memory if we want to use sequential computation. These advantages of splitting extrapolation become more clear and pow-
erful when the size of the problem is large and more independent meshes sizes are designed with domain decomposition.
For more background, we refer the reader to [10,13,15,16,21,22,24,27,28].

Finite element splitting extrapolation based on domain decomposition is an important development of splitting extrap-
olation. First an initial domain decomposition is constructed according to the dimension and interface of the problem, the
shape and size of the domain, and the computers used. Then the independent parameters are designed for all subdomains.
The algorithm combines advantages of domain decomposition and splitting extrapolation and can be applied to interface
problems with discontinuous coefficients. After Lü [18] proposed the idea in 1987, the finite element splitting extrapolation
based on domain decomposition and linear finite elements has been presented in [12,13,19,30]. Lü et al. [9,20] have pre-
sented a finite element splitting extrapolation based on domain decomposition and d-quadratic iso-parametric finite ele-
ments to solve linear elliptic and parabolic equations with curved boundaries. Obviously, the splitting extrapolation of
quadratic finite elements possesses higher order of accuracy than that of linear finite elements.

Since this kind of finite element splitting extrapolation is efficient for linear problems, it is hopeful to apply it to nonlinear
problems. However, the analysis for nonlinear cases is much different from and more difficult than that of the linear cases.
Hence, it is not trivial to extend this method for nonlinear problems. In this paper, we will investigate the finite element
splitting extrapolation based on domain decomposition and d-quadratic iso-parametric finite elements for solving second
order nonlinear elliptic equations with curved boundaries.

This paper is organized as follows: in Section 2, we will introduce some preliminaries and notations; in Section 3, we will
prove the multi-variable asymptotic expansion of d-quadratic iso-parametric finite element errors; in Section 4, we will de-
velop the corresponding splitting extrapolation formulas; in Section 5, we will introduce a parallel/sequential algorithm; in
Section 6, we will present some a posteriori error estimates; in Section 7, we present two numerical examples.

2. Some preliminaries and notations

First, with the same method as in [4,9,20], we construct the partition and d-quadratic iso-parametric mapping as follows.
Even though the following set-up is well known, we still repeat it here in order to introduce the notations that will be used.
We construct a non-overlapping initial domain decomposition X ¼

Sm
i¼1Xi, where Xiði ¼ 1; . . . ;mÞ are allowed to have some

curved boundaries, but satisfy the compatibility condition, i.e., Xi
T

Xjði–jÞ is either empty or the set of common vertices,
common edges and common surfaces. oXi n oX is called a pseudo-boundary, which is often the interface of a discontinuous
coefficient function. For the initial partition, we assume the following:

(1) There are unit cubes bXiði ¼ 1; . . . ;mÞ � Rd and one-to-one d-quadratic iso-parametric mappings Wi : Xi ! bXi such that
fW�1

i g are sufficiently smooth.

(2) bX ¼ Sm
i¼1
bXi is an initial uniform partition satisfying the compatibility condition.

(3) If Cij ¼ oXi
T

oXj, then WiðxÞ ¼ WjðxÞ;8x 2 Cij.
Let bIh

i ði ¼ 1; . . . ;mÞ be a uniform cuboid partition with grid parameter ĥij ðj ¼ 1; . . . ; dÞ on bXi such that bIh ¼
Sm

i¼1
bIh

i is a
piecewise uniform cuboid partition on bX. Note that because of compatibility conditions, there are only l ðl < mdÞ inde-
pendent grid parameters which are denoted by ĥ1; . . . ; ĥl. From the construction of mappings fWig, we can derive a
compatible partition Ih ¼

Sm
i¼1I

h
i on X. We also have that
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(4) If ẑ is an inner grid point in bXi, then z ¼ W�1
i ðẑÞ is also an inner grid point in Xi.

(5) If ẑ 2 bCij ¼ obXi
T

obXj is a grid point on bCij, then z ¼ W�1
i ðẑÞ is also a grid point on Cij.

(6) If ẑ 2 obXT bXi is a grid point on obX, then z ¼ W�1
i ðẑÞ is also a grid point on oX.

(7) If an element ê 2 Îh
i , then e ¼ W�1

i ðêÞ 2 Ih
i .

By the d-quadratic iso-parametric mapping, (1.1) is converted to the following problem:
�
Pd

i;j¼1
D̂iðâijðx̂; ûÞDjûÞ ¼ f̂ ðx̂; ûÞ on bX;

û ¼ ĝðx̂Þ on obX:
8><>: ð2:2Þ
where x̂ ¼ ðx̂1; . . . ; x̂dÞ, bDi ¼ o
ox̂i

and ûjbX i
¼ u �WijXi

.

Second, in order to ensure the existence, uniqueness and smoothness of the solution to the problem (2.2), we assume that
9l > 0;
Xd

i;j¼1

âijðx̂; ûÞninj P l
Xd

i¼1

n2
i ; 8x̂ 2 bX; 8û 2 R: ð2:3Þ
Third, let H1
0ðbXÞ :¼ fû 2 H1ðbXÞ : û ¼ 0 on obXg, ðû; t̂Þ ¼ RbX ût̂dx̂, then the weak form can be obtained as follows: find

û 2 H1
0ðbXÞ satisfying
Aðû; t̂Þ ¼ ðf̂ ðûÞ; t̂Þ;8t̂ 2 H1
0ðbXÞ; ð2:4Þ

Aðû; t̂Þ ¼
Xd

i;j¼1

ðâijðx̂; ûÞbDiû; bDit̂Þ: ð2:5Þ
Fourth, let bSh
0 � H1

0ðbXÞ \ CðbXÞ denote the d-quadratic finite element space under the partition bIh, then the discrete
scheme can be obtained as follows: find ûh 2 bSh

0 satisfying
Aðûh; t̂hÞ ¼ ðf̂ ðûhÞ; t̂hÞ; 8t̂h 2 bSh
0: ð2:6Þ
It is well known that the standard Galerkin method with d-quadratic finite elements can be used to get an approximation
and Richardson extrapolation can be applied to the approximation. However, our final goal here is to develop the splitting
extrapolation to get an approximation of high accuracy by computing a set of smaller discrete subproblems in parallel.
Therefore, as we mentioned in Section 1, we need to prove the multi-parameter asymptotic expansion of the errors of the
d-quadratic iso-parametric finite element approximations and construct the splitting extrapolation formulas, which will
be done in the next two sections. Here are some more conventions used in this article.

ĥ :¼ ðĥ1; . . . ; ĥlÞ, ĥ0 :¼max16i6lĥi.
Coarse grid: the grid obtained from ĥð0Þ ¼ ðĥ1; . . . ; ĥlÞ.
Locally fine grid: the grid obtained from ĥðiÞ ¼ ðĥ1; . . . ; ĥi

2 ; . . . ; ĥlÞ, i ¼ 1; . . . ; l.
Globally fine grid: the grid obtained from ĥð0Þ

2 .bXh
0: the set of grid points obtained from ĥð0Þ ¼ ðĥ1; . . . ; ĥlÞ.bXh
i : the set of grid points obtained from ĥðiÞ ¼ ðĥ1; . . . ; ĥi

2 ; . . . ; ĥlÞ, i ¼ 1; . . . ; l.

Let ûI be the finite element interpolation function of û in bSh
0. Let k � k

k;p;bX denote the norm of the space Wk
pðbXÞ, k � kk;bX de-

note the norm of the space HkðbXÞ and k � k
k;1;bX denote the norm of the space Wk

1ðbXÞ. We define
Qm

s¼1Wk
pðbXsÞ to be a product

space with the norm k � k0
k;p;bX :¼ ð

Pm
s¼1k � k

p

k;p;bXs

Þ
1
p ,
Qm

s¼1HkðbXsÞ to be a product space with the norm k � k0
k;bX :¼ ð

Pm
s¼1k � k

2

k;bXs
Þ

1
2,

and
Qm

s¼1Wk
1ðbXsÞ to be a product space with the norm k � k0

k;1;bX :¼ sup16s6mk � kk;1;bXs
.

3. Multi-parameter asymptotic expansion of the d-quadratic iso-parametric finite element error

We presented the discrete d-quadratic iso-parametric finite element approximation for nonlinear elliptic equations in
Section 2. In this section we will prove the multi-parameter asymptotic expansion of its error. Unless otherwise specified,
we use C to represent a generic constant C whose values might be different from line to line. First, we recall the following
two lemmas from [20].

Lemma 3.1. Consider a linear elliptic weak form
Xd

i;j¼1

ðêijðx̂ÞbDiŵ; bDit̂Þ þ ðp̂ŵ; t̂Þ ¼ ðf̂ ; t̂Þ; 8t̂ 2 H1
0ðbXÞ
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and the corresponding d-quadratic iso-parametric finite element discrete scheme
Xd

i;j¼1

ðêijðx̂ÞbDiŵh; bDit̂hÞ þ ðp̂ŵh; t̂hÞ ¼ ðf̂ ; t̂hÞ; 8t̂h 2 bSh
0:
Assume that êij; p̂ 2 ð
Qm

s¼1W4
1ðbXsÞÞ

T
L1ðbXÞ and ŵ 2 ð

Qm
s¼1H7ðbXsÞÞ

T
H1

0ðbXÞ, then there exist functions /̂i 2 ð
Qm

s¼1HrðbXsÞÞ
T

L1

ðbXÞði ¼ 1; . . . ; lÞ independent of ĥ such that
ŵh � ŵI ¼
Xl

i¼1

ĥ4
i /̂

I
i þ e;

kek0
0;1;bX ¼ O ĥ4þa

0 j ln ĥ0j
d�1

d

� �
; a ¼ minðr;2Þ � d

2
> 0:
Lemma 3.2. Let e be an element in Îh. If û 2W6
pðeÞ; q̂ 2W4

1ðeÞ; /̂ 2 Q 2ðeÞ, then
Z
e

q̂ðû� ûIÞ/̂dx̂ ¼
Xd

i¼1

ĥ4
ie

Z
e

1
480

q̂/̂bD4
i û� 1

45
bDiðq̂/̂ÞbD3

i û
� �

dx̂þ R

jRj 6 CðqÞĥ6
00kûk6;p;ek/̂k2;q;e; ĥ00 ¼ max

16i6d
ĥie;

1
p
þ 1

q
¼ 1:
Here Q 2ðeÞ is the set of all d-quadratic polynomials on e.

Second, we recall the definitions of the regularized Dirac function dz, the regularized Green’s function Gz and the discrete
Green’s function Gz

h from [2,3,8,26].

(1) 8 point z 2 Kz where Kz 2 Îh, the regularized Dirac function dz 2 C10 ðK
zÞ is an approximation to the Dirac functional in z

which satisfies
Z
X

dzðxÞt̂hðxÞdx ¼ t̂hðzÞ; 8t̂h 2 bSh
0; ð3:7Þ

krkd
zk

0;1;bX 6 Cĥ�d�k
0 ; k ¼ 1;2; . . . ð3:8Þ
(2) The regularized Green’s function Gz 2 H1
0ðbXÞ is defined by
EðGz; t̂Þ ¼ t̂ðzÞ ¼ ðdz; t̂Þ; 8t 2 H1
0ðbXÞ;
where Eð�; �Þ is a bounded and coercive bilinear form.
(3) The discrete Green’s function Gz

h 2 bSh
0 satisfying
EðGz
h; t̂hÞ ¼ t̂hðzÞ ¼ ðdz; t̂hÞ; 8t̂h 2 bSh

0:
Third, based on [2,8,31], we have the following estimate for the discrete Green’s function, which will be used for a key
step in the proof of the multi-variable asymptotic expansion.

Lemma 3.3.
kGz
hk
0
2;1;bX 6 Cj ln ĥ0j if ĥ0 6 1� g for some g with 0 < g < 1:
Proof. Using the definitions above, we have
LGz ¼ dz on bX;
Gz ¼ 0 on obX:

(
ð3:9Þ
From the elliptic regularity estimate, which is also an a priori estimate (see [3,31] and references therein), we have
kGzk0
2;p;bX 6 C

p� 1
kLGzk0

0;p;bX ; 8p ¼ 1þ �; � > 0 is small:
Then (3.8), (3.9) and dz 2 C10 ðK
zÞ lead to
kGzk0
2;p;bX 6 C

p� 1
kdzk0

0;p;bX 6 C
p� 1

kdzk0
0;1;bX

Z
Kz

1dx
� �1

p

6 C
q
p

ĥ�d
0 ĥ

d
p
0 ¼ C

q
p

ĥ�d=q
0 ;
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where 1=pþ 1=q ¼ 1. Let q ¼ j ln ĥ0j, then p ¼ 1þ 1
j ln ĥ0 j�1

. When ĥ0 6 1� g for a 0 < g < 1, there exists a C independent of ĥ0

such that 0 < 1
j ln ĥ0 j�1

6 C. Then we have
kGzk0
2;1;bX 6 CkGzk0

2;p;bX 6 Cj ln ĥ0j: ð3:10Þ
Now we recall the following three estimates from [2,8],
krGzk0
0;2;bX þ kr2Gzk0

0;1;bX 6 Cj ln ĥ0j;
krðGz � Gz
hÞk

0
0;1;bX 6 Cĥ0j ln ĥ0j;
kðGz � Gz
hÞk

0
s;2;bX 6 Cĥ1�s

0 ; s ¼ 0;1:
Then, we have
kGz � Gz
hk
0
1;1;bX 6 kGz � Gz

hk
0
0;1;bX þ jGz � Gz

hj
0
1;1;bX 6 CðkGz � Gz

hk
0
0;2;bX þ krðGz � Gz

hÞk
0
0;1;bXÞ 6 Cĥ0j ln ĥ0j:
Let IhGz be the standard finite element interpolation of Gz in bSh
0, then by inverse estimate, finite element interpolation error

estimate and (3.10), we get
kGz � Gz
hk
0
2;1;bX 6 kGz � IhGzk0

2;1;bX þ kIhGz � Gz
hk
0
2;1;bX 6 CkGzk0

2;1;bX þ Cĥ�1
0 kIhGz � Gz

hk
0
1;1;bX

6 CkGzk0
2;1;bX þ Cĥ�1

0 ðkIhGz � Gzk0
1;1;bX þ kGz � Gz

hk
0
1;1;bXÞ 6 Cj ln ĥ0j:
Hence,
kGz
hk
0
2;1;;bX 6 kGzk0

2;1;bX þ kGz
h � Gzk0

2;1;bX 6 Cj ln ĥ0j: �
Finally, with the same idea as in [19], we can prove the following multi-variable asymptotic expansion by using those
three lemmas above. Note that we need to use the Lemma 3.3 to deal with the W2

1ðbXÞ norm estimate of the discrete Green’s
function, which is different from [19].

Theorem 3.1. Along with the assumption of (2.3), if f ðû; x̂Þ and âijðû; x̂Þ is differentiable with respect to û and
û 2
Ym
s¼1

W6
1ðbXsÞ

\
H1

0ðbXÞ; ð3:11Þ

�1
2

Xd

i;j¼1

bDjðâijðû; x̂ÞbDiûÞ � f̂ 0ðûÞP 0; a:e: on bX; ð3:12Þ
then the error of the solution to (2.6) satisfies the following multi-parameter asymptotic expansion:
ûh � ûI ¼
Xl

k¼1

ŵI
kĥ4

k þ ê ð3:13Þ
where ŵk 2 H1
0ðbXÞ are some functions independent on ĥ. Hence,
ûhðbXÞ � ûIðbXÞ ¼Xl

k¼1

ŵI
kðbXÞĥ4

k þ êðbXÞ; 8bX 2 bXh
0:
If ŵk 2Wr
pðbXÞ; r � d

p > 0, then
kêk0
0;1;bX ¼ O ĥ4þb

0 j ln ĥ0j
2d�1

d

� �
;b ¼min 1;a; r � d

p

� �
:

Proof. First, we define a new bilinear form
eAðŵ; t̂Þ ¼Xd

i;j¼1

ðâijðûÞbDiŵ; bDit̂Þ; 8ŵ; t̂ 2 H1
0ðbXÞ: ð3:14Þ
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Using (2.5) and (3.14), we get
eAðû; t̂Þ ¼ Aðû; t̂Þ; 8û; t̂ 2 H1
0ðbXÞ: ð3:15Þ
Second, let bRh : H1
0ðbXÞ ! bSh

0 denote the Ritz projection operator with respect to eAð�; �Þ, i.e.,
eAðbRhŵ; t̂Þ ¼ eAðŵ; t̂Þ; 8ŵ; t̂ 2 H1
0ðbXÞ: ð3:16Þ
Let ~̂uh ¼ bRhû, then ~̂uh 2 bSh
0. By the definition of ~̂uh, (2.4), (3.15) and (3.16), we get
eAð~̂uh; ŵhÞ ¼ ðf̂ ðûÞ; ŵhÞ; 8ŵh 2 bSh

0; ð3:17Þ

Xd

i;j¼1

ðâijðûÞbDi
~̂uh; bDiŵhÞ ¼ ðf̂ ðûÞ; ŵhÞ; 8ŵh 2 bSh

0: ð3:18Þ
Let ĥh ¼ ûh � ~̂uh and q̂1 ¼ ~̂uh � ûI , then
ûh � ûI ¼ ĥh þ q̂1: ð3:19Þ
Since (3.18) is a linear discrete scheme for ~̂uh, then we can apply Lemma 3.1 to (3.18), so we have
q̂1 ¼ ~̂uh � ûI ¼
Xl

k¼1

ĥ4
k /̂

I
k þ ĝ1; ð3:20Þ

kĝ1k0
0;1;bX ¼ O ĥ4þa

0 j ln ĥ0j
d�1

d

� �
; a ¼minðr;2Þ � d

2
> 0: ð3:21Þ
Now we discuss the expansion of ĥ in detail as follows. Using (2.5), (2.6) and (3.14), we get
eAðûh; ŵhÞ ¼
Xd

i;j¼1

ðâijðûÞbDiûh; bDiŵhÞ

¼
Xd

i;j¼1

ððâijðûÞ � âijðûhÞÞbDiûh; bDjŵhÞ þ ðf̂ ðûhÞ; ŵhÞ 8ŵh 2 bSh
0:

ð3:22Þ
Then (3.17), (3.22) and the Taylor expansion lead to
eAðĥh; ŵhÞ ¼ ðf̂ ðûhÞ � f̂ ðûÞ; ŵhÞ þ
Xd

i;j¼1

ððâijðûÞ � âijðûhÞÞbDiûh; bDjŵhÞ

¼ ðf̂ 0ðûÞðûh � ûÞ; ŵhÞ þ ðê0; ŵhÞ �
Xd

i;j¼1

ðâ0ijðûÞðûh � ûÞbDiûh; bDjŵhÞ þ
Xd

j¼1

ðêj; bDjŵhÞ

¼ ðf̂ 0ðûÞðûh � ûÞ; ŵhÞ �
Xd

i;j¼1

ðâ0ijðûÞbDiûðûh � ûÞ; bDjŵhÞ þ
Xd

j¼1

ðd̂j; bDjŵhÞ þ ðê0; ŵhÞ þ
Xd

j¼1

ðêj; bDjŵhÞ; 8ŵh 2 bSh
0

ð3:23Þ

where
ê0 ¼ f̂ 00ðn̂1Þðûh � ûÞ2; n̂1 is between û and ûh;
êj ¼
Xd

i¼1

�â00ijðn̂ijÞðûh � ûÞ2 bDiûh; n̂ij is between û and ûh; j ¼ 1; . . . ;d;
d̂j ¼ �
Xd

i¼1

â0ijðûÞðûh � ûÞbDiðûh � ûÞ; j ¼ 1; . . . ;d:
Hence,
kê0k0
0;1;bX 6 Ckû� ûhk02

0;1;bX ; ð3:24Þ

kêjk0
0;1;bX 6 Ckûhk0

1;1;bXkû� ûhk02
0;1;bX ; j ¼ 1; . . . ;d; ð3:25Þ
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kd̂jk0
0;1;bX 6 Ckû� ûhk0

0;1;bXkû� ûhk0
1;1;bX ; j ¼ 1; . . . ; d: ð3:26Þ
Let q̂h ¼ ~̂uh � û, then
ûh � û ¼ ĥh þ q̂h: ð3:27Þ
Plugging (3.27) into (3.23) and moving all the terms about ĥ to the left hand side of the equation, we have
Bðĥh; ŵhÞ ¼ ðf̂ 0ðûÞq̂h; ŵhÞ �
Xd

i;j¼1

ðâ0ijðûÞbDiûq̂h; bDjŵhÞ þ ð�0; ŵhÞ þ
Xd

j¼1

ðd̂j þ �j; bDjŵhÞ; 8ŵh 2 bSh
0;

Bðĥh; ŵhÞ ¼ Aðĥh; ŵhÞ þ
Xd

i;j¼1

ðâ0ijðûÞbDiûĥh; bDjŵhÞ � ðf̂ 0ðûÞĥh; ŵhÞ:
ð3:28Þ
Let
q̂2 ¼ ûI � û; ð3:29Þ
then
q̂h ¼ q̂1 þ q̂2: ð3:30Þ
With (3.11), (3.29) and Lemma 3.2, we get
ðf̂ 0ðûÞq̂2; ŵhÞ ¼ �
Xm

s¼1

Xd

k¼1

ĥ4
sk

Z
bXs

1
480

f̂ 0ðûÞŵh
bD4

k û� 1
45
bDkðf̂ 0ðûÞŵhÞbD3

k û
� �

dx̂þ ĝ2ðŵhÞ;
ðâ0ijðûÞbDiûq̂2; bDjŵhÞ ¼ �
Xm

s¼1

Xd

k¼1

ĥ4
sk

Z
bXs

1
480

â0ijðûÞbDiûbDjŵh
bD4

k û� 1
45
bDkðâ0ijðûÞbDiûbDjŵhÞbD3

k û
� �

dx̂þ ĝ3ðŵhÞ;
where
jĝ2ðŵhÞj 6 Cĥ6
0kŵhk0

2;1;bX ; ð3:31Þ

jĝ3ðŵhÞj 6 Cĥ6
0kbDjŵhk0

2;1;bX 6 Cĥ6
0kŵhk0

3;1;bX 6 Cĥ5
0kŵhk0

2;1;bX : ð3:32Þ
When we construct the partition in Section 2, there are only l ðl < mdÞ independent grid parameters ĥ1; . . . ; ĥl because of
compatibility conditions, then
ðf̂ 0ðûÞq̂2; ŵhÞ ¼
Xl

k¼1

ĥ4
k M̂kðŵhÞ þ ĝ2ðŵhÞ; ð3:33Þ

ðâ0ijðûÞbDiûq̂2; bDjŵhÞ ¼
Xl

k¼1

ĥ4
kN̂kðŵhÞ þ ĝ3ðŵhÞ: ð3:34Þ
Here, for each k, bMkðŵhÞ is a sum of some integrations like �
RbXs
½ 1
480 f̂ 0ðûÞŵh

bD4
k û� 1

45
bDkðf̂ 0ðûÞŵhÞbD3

k û�dx̂ and bNkðŵhÞ is a sum of
some integrations like
�
Z
bXs

1
480

â0ijðûÞbDiûbDjŵh
bD4

k û� 1
45
bDkðâ0ijðûÞbDiûbDjŵhÞbD3

k û
� �

dx̂:
By (3.20), (3.28), (3.30), (3.33), and (3.34), we can get
Bðĥh; ŵhÞ ¼ �
Xl

k¼1

ĥ4
k

Xd

i;j¼1

ðâ0ijðûÞbDiû/̂I
k;
bDjŵhÞ � ðf̂ 0ðûÞ/̂I

k; ŵhÞ � M̂kðŵhÞ þ N̂kðŵhÞ
( )

þ ĝðŵhÞ;

ĝðŵhÞ ¼ ð�0; ŵhÞ þ
Xd

j¼1

ðd̂j þ �j; bDjŵhÞ þ ðf̂ 0ðûÞĝ1; ŵhÞ �
Xd

i;j¼1

ðâ0ijðûÞbDiûĝ1; bDjŵhÞ þ ĝ2ðŵhÞ � ĝ3ðŵhÞ:
ð3:35Þ
Let
Fkðû; ŵhÞ ¼
Xd

i;j¼1

ðâ0ijðûÞbDiû/̂I
k;
bDjŵhÞ � ðf̂ 0ðûÞ/̂I

k; ŵhÞ � bMkðŵhÞ þ bNkðŵhÞ;
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then
Bðĥh; ŵhÞ ¼ �
Xl

k¼1

ĥ4
k Fkðû; ŵhÞ þ ĝðŵhÞ: ð3:36Þ
Construct the following auxiliary problem: find ŵk 2 H1
0ðbXÞ satisfying
Bðŵk; t̂Þ ¼ Fkðû; t̂Þ; 8t̂ 2 H1
0ðbXÞ: ð3:37Þ
Because (3.12) guarantees that Bð�; �Þ is coercive, Lax–Milgram theorem guarantees the existence and uniqueness of ŵk. Let Rh

denote Ritz projection with respect to Bð�; �Þ, then (3.36) and (3.37) lead to
Bðĥh þ
Xl

k¼1

ĥ4
k Rhŵk; ŵhÞ ¼ ĝðŵhÞ; 8ŵh 2 bSh

0: ð3:38Þ
Using Hölder’s inequality, (3.11), (3.24), (3.25), (3.26) and the finite element error estimates, we can get
jð�0; ŵhÞj 6 kê0k0
0;1;bXkŵhk0

0;1;bX 6 Cĥ6
0kŵhk0

0;1;bX ; ð3:39Þ

jðêj; bDjŵhÞj 6 kêjk0
0;1;bXkbDjŵhk0

0;1;bX 6 Cĥ6
0kŵhk

1;1;bX ; j ¼ 1; . . . ; d; ð3:40Þ

jðd̂j; bDjŵhÞj 6 kd̂jk0
0;1;bXkbDjŵhk0

0;1;bX 6 Cĥ5
0kŵhk0

1;1;bX ; j ¼ 1; . . . ;d: ð3:41Þ
Similarly, with Hölder’s inequality and (3.21), we have
jðf̂ 0ðûÞĝ1; ŵhÞj 6 Cĥ4þa
0 j ln ĥ0j

d�1
d kŵhk0

0;1;bX ; ð3:42Þ

jðâ0ijðûÞbDiûĝ1; bDjŵhÞj 6 Cĥ4þa
0 j ln ĥ0j

d�1
d kŵhk0

1;1;bX ; j ¼ 1; . . . ; d: ð3:43Þ
By (3.31), (3.32), (3.35), (3.39), (3.40), (3.41), (3.42) and (3.43), we get
jĝðŵhÞj 6 Cĥ4þb1
0 j ln ĥ0j

d�1
d kŵhk0

2;1;bX ;b1 ¼minð1;aÞ: ð3:44Þ
Let Gz denote the regularized Green’s function satisfying
Bðt̂;GzÞ ¼ t̂ðZÞ; 8Z 2 bX; t̂ 2 H1
0ðbXÞ: ð3:45Þ
Gz
h ¼ RhGz is the Ritz projection of Gz. Let ŵh ¼ Gz

h in (3.38). From the coercivity of Bð�; �Þ, (3.38), (3.44) and (3.45) we can get
that 8z 2 bX,
ĥh þ
Xl

k¼1

ĥ4
kRhŵk

 !
ðZÞ

�����
����� ¼ B ĥh þ

Xl

k¼1

ĥ4
k Rhŵk;G

h
z

 !�����
����� ¼ jĝðGh

z Þj 6 Cĥ4þb1
0 j ln ĥ0j

d�1
d kGh

zk
0
2;1;bX :
Since Z is arbitrary, then Lemma 3.3 gives
kĥh þ
Xl

k¼1

ĥ4
k Rhŵkk0

0;1;bX 6 Cĥ4þb1
0 j ln ĥ0j

2d�1
d :
Hence,
ĥhðZÞ þ
Xl

k¼1

ĥ4
k RhŵkðZÞ ¼ e; kek0

0;1;bX 6 Cĥ4þb1
0 j ln ĥ0j

2d�1
d :
If ŵk 2Wr
pðbXÞ; r � d

p > 0, then
ĥh ¼ �
Xl

k¼1

ĥ4
kŵI

k þ ĝ4 ð3:46Þ

kĝ4k0
0;1;bX 6 Cĥ4þb

0 j ln ĥ0j
2d�1

d and b ¼min b1; r �
d
p

� �
¼min 1;a; r � d

p

� �
: ð3:47Þ
Let
ŵk ¼ /̂k � ŵk; k ¼ 1; . . . ; l: ð3:48Þ
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By (3.19), (3.20), (3.21), (3.46), (3.47), and (3.48), we finish the proof. h

Remark 3.1. Similar to the Remark 4 in [20], the expansion holds not only for all the grid nodes in bXh
0, but also for all the

edge midpoints and centers in bXh
0.
4. Splitting extrapolation formulas at all globally fine grid points

In Section 3, we proved the multi-parameter asymptotic expansion of discrete d-quadratic iso-parametric finite element
errors. Based on this expansion, in this section we will develop the splitting extrapolation formulas by applying the basic
idea of splitting extrapolation. We will develop the splitting extrapolation formulas for all the nodes in the globally fine grid,
not only on the coarse grid and locally fine grids. Let ûð0Þh and ûðiÞh be the approximations on bXh

0 and bXh
i , respectively. Let

e ¼ Oðĥ4þb
0 j ln ĥ0j

2d�1
d Þ.

(1) Type 0: grid points in bXh
0. Suppose A is a grid point in bXh

0. First, we prove the following theorem with the same idea as
in [9,13,20,22].

Theorem 4.1.
16
15

Xl

i¼1

ûðiÞh ðAÞ þ �16
15

lþ 1
� �

ûð0Þh ðAÞ � ûðAÞ ¼ e: ð4:49Þ
Proof. From (3.13), we have
ûð0Þh ðAÞ ¼ ûðAÞ þ
Xl

i¼1

ĥ4
i ŵiðAÞ þ e; ð4:50Þ

ûðkÞh ðAÞ ¼ ûðAÞ þ
Xl

i¼1
i–k

ĥ4
i ŵiðAÞ þ

1
16

ĥ4
k ŵkðAÞ þ e; k ¼ 1; . . . ; l: ð4:51Þ
8 real numbers ai; i ¼ 1;2, multiply (4.50) by a1 and (4.51) by a2, then add them together to get
a1ûð0Þh ðAÞ þ a2

Xl

k¼1

ûðkÞh ðAÞ ¼ ða1 þ a2lÞûðAÞ þ a1 þ a2ðl� 1Þ þ a2
1

16

� �Xl

i¼1

ĥ4
i ŵiðAÞ þ e: ð4:52Þ
Let a1 þ a2l ¼ 1;a1 þ a2ðl� 1Þ þ a2
1

16 ¼ 0. Then, solving the equations for a1 and a2 and plugging them into (4.52), we finish
the proof. h

From Theorem 4.1, we can get the splitting extrapolation formula for grid points in bXh
0 as follows:
u0ðAÞ ¼
16
15

Xl

i¼1

ûðiÞh ðAÞ þ �16
15

lþ 1
� �

ûð0Þh ðAÞ: ð4:53Þ
(2) Type 1: grid points in
Sl

i¼1
bXh

i n bXh
0. Let A1 and A2 be two neighboring coarse grid points. Suppose B is the midpoint of

A1A2 and B 2 bXh
i n bXh

0. First, we prove the following theorem with the same idea as in [9,13,20,22].

Theorem 4.2.
ûðiÞh ðBÞ �
1

30

X2

k¼1

ûð0Þh ðAkÞ � ûðiÞh ðAkÞ
h i

� 8
15

Xl

j¼1
j–i

X2

k¼1

ûð0Þh ðAkÞ � ûðjÞh ðAkÞ
h i

¼ ûðBÞ þ eþ Oðĥ5
0Þ:
Proof. Because A1 and A2 are coarse grid points, (4.50) and (4.51) are still true for them. Therefore, 8 j ¼ 1; . . . ; l; k ¼ 1;2,
ûð0Þh ðAkÞ � ûðjÞh ðAkÞ ¼
15
16

ĥ4
j ŵ

n
j ðAkÞ þ e:
Then
ĥ4
j ŵ

n
j ðAkÞ ¼

16
15

ûð0Þh ðAkÞ � ûðjÞh ðAkÞ
h i

þ e:
Because
ŵn
j ðBÞ ¼

ŵn
j ðA1Þ þ ŵn

j ðA2Þ
2

þ Oðĥ0Þ;
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we get
ĥ4
j ŵ

n
j ðBÞ ¼

8
15

X2

k¼1

ûð0Þh ðAkÞ � ûðjÞh ðAkÞ
h i

þ eþ Oðĥ5
0Þ: ð4:54Þ
By Remark 3.1 and (3.13), we get
ûðiÞh ðBÞ ¼ ûðBÞ þ
Xl

j¼1
j–i

ĥ4
j ŵjðBÞ þ

1
16

ĥ4
i ŵiðBÞ þ e: ð4:55Þ
Plugging (4.54) into (4.55), we finish the proof. h

From Theorem 4.2, we can get the splitting extrapolation formula for grid points in bXh
i n bXh

0 as follows.
u1ðBÞ ¼ ûðiÞh ðBÞ �
1

30

X2

k¼1

ûð0Þh ðAkÞ � ûðiÞh ðAkÞ
h i

� 8
15

Xl

j¼1
j–i

X2

k¼1

ûð0Þh ðAkÞ � ûðjÞh ðAkÞ
h i

: ð4:56Þ
(3) Type 2: Centers of rectangular elements. Suppose C is the center of a rectangular element, Akðk ¼ 1; . . . ;4Þ are the four
vertices and Bkðk ¼ 1; . . . ;4Þ are the midpoints of the four edges. First, U0ðAkÞ and U1ðBkÞ are computed according to (4.53)
and (4.56). Then by using an incomplete bi-quadratic interpolation without term x2y2 [19,24], we get
u2ðCÞ ¼
1
2

X4

k¼1

u1ðBkÞ �
1
4

X4

k¼1

u0ðAkÞ: ð4:57Þ
(4) Type 3: Centers of rectangular parallelepiped elements. Suppose D is the center of a rectangular parallelepiped ele-
ment, Akðk ¼ 1; . . . ;8Þ are the eight vertices and Bkðk ¼ 1; . . . ;12Þ are the midpoints of the 12 edges. First, U0ðAkÞ and
U1ðBkÞ are computed according to (4.53) and (4.56). Then by using an incomplete tri-quadratic interpolation without term
x2y2z2; x2y2z; x2yz2; xy2z2; x2y2; x2z2; y2z2 [19,24], we get
u3ðDÞ ¼
1
4

X12

k¼1

u1ðBkÞ �
1
4

X8

k¼1

u0ðAkÞ: ð4:58Þ
5. Parallel/sequential algorithm

In this section, we will introduce a parallel/sequential algorithm based on the splitting extrapolation formulas in Section 5
and the idea in [9,12,20,30].

Step 1: Construct the initial domain decomposition X ¼
Sm

i¼1Xi according to the dimension and interface of the problem,
the shape and size of the domain, and the computers used, which satisfies the compatible conditions (1), (2) and (3) in
Section 2. Obviously, by using iso-parametric or sub-parametric mapping of a high enough degree, the mapping Wi may
be constructed, see [24] and reference therein.
Step 2: Construct the uniform cuboid partition Îh

i ði ¼ 1; . . . ;mÞ for each bXi with independent grid parameters ĥ1; . . . ; ĥl,
which satisfies the compatible conditions (4), (5), (6) and (7) in Section 2.
Step 3: Compute ûðiÞh ; i ¼ 0; . . . ; l by using the standard finite element method in parallel/sequentially. All processors call
the same subroutines with different input parameters if we use parallel computation.
Step 4: Implement (4.53), (4.56), (4.57) and (4.58) to all the grid nodes, the edge middle points, the centers of the rect-
angular elements and centers of rectangular parallelepiped elements of the coarse grid bXh

0 by using the results from all
processors.

Remark 5.1. The following is a pseudo code by using MPI for steps 3 and 4 in parallel computation. Suppose the independent
parameters for the coarse grid form a vector h ¼ ðh1; . . . ;hlÞ and the name of the subroutine to compute ûðiÞh ; i ¼ 0; . . . ; l is
solve_uh.

INCLUDE ‘mpif.h’
CALL MPI_INIT(error_inf)
CALL MPI_COMM_SIZE(MPI_COMM_WORLD, total_processors, error_inf)
CALL MPI_COMM_RANK(MPI_COMM_WORLD, i, error_inf)
l = total_processors � 1
If (i.eq. 0) THEN

CALL solve_uh(h, u_0)
ELSE

h_fined(:)=h(:)
h_fined(i)=h(i)/2
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CALL solve_uh(h_fined, u_i)
ENDIF
If (i.eq. 0) THEN

DO i=1, l
CALL MPI_RECV(receive u_i from processor i)

ENDDO
ELSE

CALL MPI_SEND(send u_i to processor 0)
ENDIF
IF (i.eq. 0) THEN

CALL Extrapolation(u_final,u_0,. . .,u_l)/* Implement (4.53), (4.56), (4.57) and (4.58) */
ENDIF
CALL MPI_FINALIZE(error_inf)
END

Remark 5.2. In step 3, if we construct the domain decomposition proportionally and design independent variables properly,
the processors computing ûðiÞh ði ¼ 1; . . . ; lÞ can have almost the same load. For example, for domain X ¼ ½0;2� � ½0;2�, we con-
struct domain decomposition as X ¼

S4
i¼1Xi;X1 ¼ ½0;1� � ½0;1�;X2 ¼ ½0;1� � ½1;2�;X3 ¼ ½1;2� � ½0;1�;X4 ¼ ½1;2� � ½1;2� and

design independent mesh parameters as follows. h1 is the horizontal mesh parameter of X1 and X2. h2 is the horizontal mesh
parameter of X3 and X4. h3 is the vertical mesh parameter of X1 and X3. h4 is the vertical mesh parameter of X2 and X4. If we
take hi ¼ 1

n ; i ¼ 1; . . . ;4, then all the four processors computing uðiÞh ði ¼ 1; . . . ;4Þ work on a mesh with ð2nþ 1Þð3nþ 1Þ mesh
nodes. Therefore, their loads are balanced.

Remark 5.3. For step 3, if we compute ûðiÞh , i ¼ 0; . . . ; l sequentially, then we can save a lot of memory. After we compute each
ûðiÞh by using the standard finite element method, we only need to save the final results and can deallocate most of the mem-
ory. Since all the ûðiÞh ; i ¼ 0; . . . ; l are on the coarse grid or locally fined grids, then the required memory is much less than that
of the globally fine grid. However, we finally get an approximation with high accuracy on the globally fine grid by using the
splitting extrapolation formulas.
6. A posteriori error estimates

In this section, we present some a posteriori error estimates. Suppose A is a grid point in bXh
0. First, we have an a posteriori

error estimate for the approximation ûðkÞh ðAÞ ðk ¼ 0; . . . ; lÞ as follows:

Theorem 6.1.
jûð0Þh ðAÞ � ûðAÞj 6 16
15

Xl

j¼1

jûð0Þh ðAÞ � ûðjÞh ðAÞj þ e; ð6:59Þ

jûðkÞh ðAÞ � ûðAÞj 6 16
15

Xl

j¼1
j–k

jûð0Þh ðAÞ � ûðjÞh ðAÞj þ
1

15
jûð0Þh ðAÞ � ûðkÞh ðAÞj þ e; k ¼ 1; . . . ; l: ð6:60Þ
Proof. Using (4.50) and (4.51), 8j ¼ 1; . . . ; l, we get
ûð0Þh ðAÞ � ûðjÞh ðAÞ ¼
15
16

ĥ4
j ŵjðAÞ þ e: ð6:61Þ
Thus,
ĥ4
j ŵjðAÞ ¼

16
15

ûð0Þh ðAÞ � ûðjÞh ðAÞ
h i

þ e: ð6:62Þ
Plugging (6.59) and (6.63) back into (4.50) and (4.51) and using the triangular inequality, we finish the proof. h

Second, we have an a posteriori error estimate for the average of ûðkÞh ðAÞðj ¼ 1; . . . ; lÞ as follows.

Theorem 6.2.
1
l

Xl

k¼1

ûðkÞh ðAÞ � ûðAÞ
�����

����� 6 16
15

l� 1
� �

1
l

Xl

k¼1

ûk
hðAÞ � û0

hðAÞ
�����

�����þ e: ð6:63Þ
Proof. Using the triangular inequality and (4.49), we finish the proof. h
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7. Numerical experiments

In this section, we will present two numerical examples to illustrate the features of splitting extrapolation in this article.
We will see that our method is efficient for solving discontinuous problems if we regard the interfaces of the problems as the
interfaces of the initial domain decomposition.

Example 1. Consider a semi-linear elliptic interface equation
Table 1
Some n

Grid po

(0.0293
(1.0000
(�0.002
(1.0000
(0.6399
(�0.080
Max er
Max er

Table 2
Some n

APE1

2:5077
�5 ðaðx; yÞ 5 uÞ ¼ f ðx; y; uÞ on X

uðx; yÞ ¼ gðx; yÞ on oX

	

together with the jump conditions on the interface C ¼ fðx; yÞ : x ¼ 1;0 6 y 6 1g:
½u�jC ¼ 0; aðx; yÞ ou
on

� �
jC ¼ 0; aðx; yÞ ¼

r; on X
T
fx < 1g;

1; on X
T
fx P 1g:

	

An example of this problem is a simple electrostatic field problem in which two objects of different materials stick to each
other. Let X be a curved quadrangle. Its bottom boundary is a line through P1 ¼ ð0;0Þ and P2 ¼ ð2; 0Þwhile its top boundary is
a line through P4 ¼ ð0;1Þ and P3 ¼ ð2;1Þ. The left side boundary is a parabola through points P1, P8 ¼ ð�0:25;0:5Þ and P4. The
right side boundary is a parabola through points P2, P6 ¼ ð2:25;0:5Þ and P3. Let P5 ¼ ð1;0Þ; P7 ¼ ð1;1Þ; P9 ¼ ð1; 1

2Þ and
f ðx; y; uÞ ¼

uþ 15rðr þ 1Þð3x� 2Þyðy� 1Þ � 30rxþ 15rðr þ 1Þxðx� 1Þ2 � 15xyðy� 1Þ
þ7:5ðr þ 1Þðx� 1Þ2xyðy� 1Þ; on X

T
fx < 1g;

uþ 15ðr þ 1Þð3x� 2Þyðy� 1Þ � 30ðrxþ 1� rÞ þ 15ðr þ 1Þxðx� 1Þ2 � 15rxyðy� 1Þ
�15ð1� rÞyðy� 1Þ þ 7:5ðr þ 1Þðx� 1Þ2xyðy� 1Þ; on X

T
fx P 1g:

8>>>><>>>>:

Here, r ¼ 0:5. First, we construct an initial domain decomposition X ¼

S2
s¼1Xs where X1 ¼ X

T
fx < 1g and X2 ¼ X

T
fx P 1g.

With the d-quadratic iso-parametric mapping, X, X1, and X2 are mapped to bX ¼ ½0;2� � ½0;1�; bX1 ¼ ½0;1Þ � ½0;1�, andbX2 ¼ ½1;2� � ½0;1� separately. Then we design three independent step sizes as follows: hiði ¼ 1;2Þ are the step sizes ofbXiði ¼ 1;2Þ in the x-direction; h3 is the step size in the y-direction. We use Newton iteration for the nonlinear system. Let
hi ¼ 1

4 ði ¼ 1;2;3Þ. Some results are shown in Table 1. In order to get the splitting extrapolation solution on the globally fine
grid, we only need to apply the standard finite element method on the coarse grid and the locally fine grids. Therefore, we do
not compute the standard finite element solution at the globally fine grid points which are not the grid points of the coarse
grid or locally fine grids. Let ** denote these unknown results in the following tables. In our examples, the coarse grid is the
grid with the step size hi ¼ 1

4 ði ¼ 1;2;3Þ and the globally fine grid is the grid with the step size hi ¼ 1
8 ði ¼ 1;2;3Þ. Error of FE is

the error of the standard finite element approximation. Error of SEM is the error of the splitting extrapolation solution. Max
error is the maximum error of all grid points. In Table 2, we show the maximum values of a posteriori error estimates at all
coarse grid points, which are discussed in Section 7. Let APE1 be the maximum value of a posteriori error estimate in (6.59),
APE2, APE3 and APE4 be that of a posteriori error estimate in (6.60) for k ¼ 1;2;3 separately and APE5 be that of a posteriori
error estimate in (6.63) (See Table 3).

Example 2. Consider a quasi-linear elliptic equation for
�5 ðð1þ u2Þ 5 uÞ ¼ f ðx; y;uÞ on X;

uðx; yÞ ¼ gðx; yÞ on oX

(

umerical results for Example 1

ints Point type Error of FE Error of SEM

, 0.8750) Type 0 þ1:7041� 10�6 þ2:6020� 10�8

, 0.1250) Type 0 þ5:3739� 10�5 �7:1147� 10�8

9, 0.6250) Type 1 þ1:1420� 10�5 �1:0005� 10�8

, 0.5625) Type 1 þ9:5820� 10�5 þ8:0716� 10�7

, 0.8125) Type 2 ** þ1:0381� 10�5

3, 0.1875) Type 2 ** �3:1115� 10�4

ror on coarse grid þ9:8016� 10�5 �1:8928� 10�6

ror on fine grid ** þ6:5470� 10�4

umerical results for a posteriori error estimates of Example 1

APE2 APE3 APE4 APE5

� 10�4 1:7968� 10�4 8:7778� 10�5 2:4975� 10�4 6:8141� 10�5



Table 3
Some numerical results for Example 2

Grid points Point type Error of FE Error of SEM

(0.5371, 0.3750) Type 0 þ6:6936� 10�4 �6:1788� 10�7

(1.0000, 0.7500) Type 0 þ7:5411� 10�4 �2:7759� 10�6

(0.3320, 0.2500) Type 1 þ6:1854� 10�4 þ5:5820� 10�7

(1.0000, 0.6875) Type 1 þ9:7828� 10�5 �1:5739� 10�6

(1.9924, 0.0625) Type 2 ** �2:6682� 10�6

(0.9241, 0.6875) Type 2 ** �7:3853� 10�5

Max error on coarse grid þ7:8225� 10�4 �1:5310� 10�5

Max error on fine grid ** �1:0632� 10�4

Table 4
Some numerical results for a posteriori error estimates of Example 2

APE1 APE2 APE3 APE4 APE5

7:9946� 10�4 7:5841� 10�4 7:5841� 10�4 2:2837� 10�4 5:1345� 10�4
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An example of this problem is a heat conduction problem whose thermal conductivity depends on the temperature. Let
f ðx; y;uÞ ¼ 5

4 p
2ðuþ u3Þ � p2

2 sin3ðpyÞ sinðpx
2 Þ cos2ðpx

2 Þ � 2p2 sin3ðpx
2 Þ sinðpyÞ cos2ðpyÞ. Let X be the same curved quadrangle as

in Example 1. The initial domain decomposition and the design of independent step sizes are the same as in Example
1.We use Newton iteration for the nonlinear system. Let hi ¼ 1

4 ði ¼ 1;2;3Þ. Some results are shown in Table 2. In Table 4,
we also show the maximum values of a posteriori error estimates at all coarse grid points for Example 2.
8. Conclusions

The splitting extrapolation formulas are just some linear combinations and can be easily implemented. They generate an
approximation with higher accuracy on a globally fine grid while only requiring some approximations from a set of smaller
discrete subproblems on different coarser grids. Because these subproblems are independent of each other and have similar
scales, the method is naturally parallel and also possesses a high degree of parallelism. Additionally, the multi-parameter
expansion only requires the local smoothness of the solutions, i.e., the smoothness of the solutions in each sub-domain.
Therefore, splitting extrapolation is efficient for solving discontinuous problems if we regard the interfaces of the problems
as the interfaces of the initial domain decomposition. The numerical examples above verify our theoretical analysis.
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